Universal quantum computation in a semiconductor quantum wire network. 
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Universal quantum computation (UQC) using Majorana fermions on a 2D topological supercon- 
ducting (TS) medium remains an outstanding open problem. This is because the quantum gate 
set that can be generated by braiding of the Majorana fermions does not include any two-qubit 
gate and also the singie-qubit tt/8 phase gate. In principle, it is possible to create these crucial 
extra gates using quantum interference of Majorana fermion currents. However, it is not clear if the 
motion of the various order parameter defects (vortices, domain walls, etc.), to which the Majorana 
fermions are bound in a TS medium, can be quantum coherent. We show that these obstacles can be 
overcome using a semiconductor quantum wire network in the vicinity of an s-wave superconductor, 
by constructing topologically protected two-qubit gates and any arbitrary single-qubit phase gate 
in a topologically unprotected manner, which can be error corrected using magic state distillation. 
Thus our strategy, using a judicious combination of topologically protected and unprotected gate 
operations, realizes UQC on a quantum wire network with a remarkably high error threshold of 0.14 
as compared to 1CP 3 to 1CP 4 in ordinary unprotected quantum computation. 

PACS numbers: 



Introduction: The decoherence of quantum states by 
the environment is the nemesis of any proposed quan- 
tum computation scheme. Topological quantum compu- 
tation (TQC) proposes [2, 3] an elegant way to solve this 
environmental decoherence problem by encoding quan- 
tum information in an intrinsically non-local way. Quan- 
tum information thus stored is expected to be essentially 
immune to any local perturbation due to the environ- 
ment. A class of quantum many-body states, charac- 
terized by excitations with non-Abelian statistics (non- 
Abelian anyons) , allow such non-local encoding of quan- 
tum information. In principle, the non-Abelian anyons 
can be moved (braided) around each other to exploit their 
statistics, which can be used to manipulate the stored 
quantum information and build quantum gates [^-u|- 
Therefore, TQC using non-Abelian excitations is intrinsi- 
cally fault-tolerant, which holds considerable promise to 
be able to beat the environmental decoherence problem. 

Statistics Q is defined as the unitary transformations 
on many-body wave functions by the pair-wise exchange 
of the particles' quantum numbers. In (2+l)-dimensions, 
if the many-body ground state wave function happens to 
be a linear combination of states from a degenerate sub- 
space, a pair- wise exchange of the particles can unitarily 
rotate the wave function in the ground state subspace. 
In this case, the statistics is non-Abelian [2J, |3j and the 
system of such quantum particles is a non-Abelian sys- 
tem. Non-Abelian quantum systems in the so-called Ising 
topological class [3| are characterized by topological ex- 
citations called Majorana fermions. In some topologi- 
cal superconducting (TS) systems [9(, Majorana fermions 
arise as non-degenerate zero-energy excitations bound to 
vortices of the superconducting order parameter. These 
topological excitations are protected from the higher- 
energy, non-topological, Bogoliubov excitations at the 



vortex cores [10( by the so-called mini-gap ~ — , where 
A is the superconducting pair potential and tp is the 
Fermi energy. The second quantized operators, 7,, corre- 
sponding to the Majorana excitations are self-hermitian, 
7I = 7^, which is in sharp contrast to ordinary fermionic 
(or bosonic) operators for which c; ^ c\. Therefore, 



each Majorana particle is its own anti-particle [111 ] unlike 
Dirac fermions where electrons and positrons (or holes) 
are distinct. Majorana particles have been predicted to 
occur in some exotic many-body states such as the pro- 
posed Pfaffian states in the filling fraction v = 5/2 frac- 
tional quantum Hall (FQH) system ll|, spin-less chiral 
p-wave superconductors/superfluids [13, KI3I- the surface 
of 3D strong topological insulators (TI) [14J, and non- 
centrosymmetric superconductors [15j . 

Semiconductor as a non-Abelian system: Recently, a 

semiconductor thin film with Rashba-type SO coupling 

was proposed to be a suitable platform for realizing 

a Majorana-carrying TS state by the proximity effect 

Is III I- It was shown that, in the presence of a s-wave 



superconducting pair potential A and a Zeeman split- 
ting V z , both of which can be proximity- induced (V z can 
also be induced by a parallel magnetic field when the SO 
coupling includes a Dresselhaus component [18|])> the ap- 
propriate TS state is realized when the parameters satisfy 
V!? > A 2 + /i 2 where /i is the chemical potential in the 
semiconductor. Following this, it was quickly realized 
[19j | that the ID version of the same set up, a semicon- 
ducting quantum wire with zero-energy Majorana states 
trapped at the two ends, would be an easier system to ex- 
plore the physics of Majorana fermions, since the relevant 
mini-gap at the wire-ends is of order A >> — (there are 
no other sub-gap states localized near the ends other than 
the Majorana states). It is important to note that s-wave 
proximity effect on a InAs quantum wire (which has a siz- 



able SO coupling) has possibly been already realized in 
experiments [20]]. Moreover, the required Zeeman split- 
ting V in the wire can be introduced more easily than 
in the 2D case by a magnetic field parallel to the super- 



conductor [2l|,|22j]. For all these reasons, it seems that a 



Majorana-carrying TS state in a semiconductor quantum 
wire may be within experimental reach. A discussion of 
the SO coupled semiconductor as a non-Abelian platform 
in both 2D and ID, along with STM signatures of Majo- 
rana modes from the wire-ends, can be found in Ref. [23]. 

Topological qubit using quantum wires: Let us con- 
sider a semiconductor quantum wire in the TS state 
(V 2 > A 2 + /i 2 ). Each wire i (shown as red segments in 
Fig. 1) has a pair of Majorana modes 7] ' (shown as 
circles at the wire-ends) at the left (L) and right (R) ends. 

With wire i we can associate a regular fermion state rep- 

t ~M in) 
resented by the operator d\ = — — g — ' — • Thus, the wire 
naturally forms a two-state system consisting of states 
|0) and |1) = dj|0), where di\0) = 0. Since the wave 
function for di is composed of a pair of non-overlapping 
Majorana states, it is unaffected by all local changes in 
the Hamiltonian. Thus, the wire in the TS state consti- 
tutes a decoherence-free two state system which can be 
used to build a topologically protected qubit. However, 
such a two-state system does not allow the superposition 
of the basis states, i.e., the states (|0) ± |l)/-\/2) do not 
exist, because they violate the conservation of fermion 
parity [26}. To remedy this, a topological logical qubit 
can be defined [26| via a pair of quantum wires in the 
TS state, i.e., with the states |0) = |00) (d-states in both 
quantum wires unoccupied), and |1) = |11) (d-states in 
both quantum wires occupied). The superposition states, 
(|0)±|l))/\/2, are now allowed because the superconduct- 
ing condenset only conserves fermion number modulo 2. 
Note also that these two states do not mix with the other 
two states (|10), |01)) of the two- wire system by any uni- 
tary operation that conserves fermion parity. 

Quantum wire network and non-Abelian statistics: 
Recently, a network of ID semiconductor quantum wires 
has been proposed [27| as a suitable platform to create, 
transport, and fuse Majorana fermions at the wire-ends. 
The wire network consists of wire segments in the TS 
state (shown in red in Fig. 1) connected by segments in 
the non-topological superconducting (NTS) state (shown 
in blue in Fig. 1). The Majorana fermion states are trans- 
ported by shifting the end points of the TS segments by 
applying locally tunable external gate potentials (which 
control fi). That pair- wise exchange [27j of these Majo- 
rana fermions leads to the familiar non-Abelian statis- 
tics (i.e., 74 — > 7j but jj — > — 7.; ) follows most simply 
from fermion parity conservation. Suppose U is the uni- 
tary operator for exchange of Majorana fermions. Sup- 
pose also that 7j , jj do not pick up a (relative) — sign 
under U. U then transforms the neutral fermion oper- 
ator d' = 7i + i"fj into UdJU' — id. Applying d' to 



U\0), where |0) is the empty state, it is easy to see that 
U\0) = A|l) = Ad^O), where A is a proportionality con- 
stant. This contradicts fermion parity since U is even 
and d^ is odd under fermion parity. It then follows that 
there must be a relative — sign whenever two Majorana 
fermions are exchanged. Note also that the fact that the 
Majorana fermions in the present case are situated at the 
ends of ID wires (and not in a 2D system like a 2D chiral p 
wave superconductor) does not make any difference, since 
they are essentially zero-dimensional objects. In the wire 
network, these zero-dimensional objects are being moved 
(braided) on the 2D substrate of the superconductor. A 
more microscopic derivation of this non-Abelian statis- 
tics using Kitaev's ID construction for a TS state [28( 
has been given in Ref. [271 ]. 

The exchange and braiding operations on the Majo- 
rana fermions lead to some of the quantum gates such 
as the single-qubit 7r/4 phase gate and the single-qubit 
Hadamard gate. However, it is well known that [26j, for 
a system of Majorana fermions, the exchange or braid- 
ing operations alone fail to provide any two-qubit gate: 
the topological braiding operations allowed in a quantum 
wire network, as in its 2D FQH or chiral p-wave Pfaf- 
fian counterpart, are not computationally sufficient. A 
system of Majorana fermions can be made computation- 
ally sufficient if the braiding-generated gate set is supple- 
mented by a single-qubit tt/8 phase gate and a two-qubit 
Controlled-Not, or CNOT, gate [H,!^. 

Universal quantum computation with Majorana 
fermions: A system of Majorana fermions can be 
made computationally sufficient in one of two ways 
}26l |30(: (1) by dynamically changing the topology 
of the platform, which allows the crucial extra gates 
to be obtained in a topologically protected manner, 
or (2) by implementing these gates in a topologically 
unprotected manner, which, provided the other gates are 
topologically protected, can also lead to universal quan- 
tum computation (UQC) with the aid of certain error 
correction protocols. At present, it is not clear how the 
topologically protected route can be implemented in any 
proposed TQC architecture including the quantum wire 
network. Therefore, in this paper, we take the second 
route to UQC as described above. In the proposal we will 
consider, only the w/8 phase gate will be implemented 
in a topologically unprotected way. The topologically 
protected single qubit gates implemented through the 
braiding operations can then be used to perform "magic 
state distillation" |25|, [26j to produce error-corrected 
7r/8-phase gates from noisy ones. This purification 
protocol (which has poly-log overhead) consumes several 
copies of a magic state, e.g. (|0) -I- e l7r / 4 |l))/v / 2, and 
outputs a single qubit with higher polarization along a 
magic direction. Once a sufficiently pure magic state 
is produced, it may then be consumed to generate a 
7r/8-phase gate. This protocol permits a remarkably 
high error threshold of over 0.14 for the noisy gates, 



as compared to ICU 3 to 1CU 4 in ordinary unprotected 
quantum computation. The simpler strategy of adopting 
the topologically unprotected route to UQC using a 
TS system still leaves us with a non-trivial problem. 
The principal reason why any system of Majorana 
fermions is not computationally sufficient is that two 
qubits cannot be entangled using the braiding operations 
alone. Any logical state of the two qubits, accessible 
by braiding one Majorana fermion around another, can 
always be written as a product of the logical states of 
the individual qubits. It has been shown 26[ that a 
two-qubit CNOT gate can be created with Majorana 
fermions provided there is a supply of entangled pairs 
of two topological qubits. In the FQH context, it has 
been proposed [26|, |3fJ, |3I| that quantum interference of 
Majorana currents can be used to generate the two-qubit 
entanglement. However, in a TS system, in which the 
Majorana fermions are trapped in the order parameter 
defects (vortices or domain walls), it is not clear that 
the motion of these defects is a quantum process which 
will lead to the desired quantum interference. Further, 
creating a single-qubit 7r/8 phase gate in a TS system 
is also problematic. A simple method for this could be 
moving a pair of Majorana fermions in a given qubit 
near each other. Because of the overlap of the Majorana 
wave functions, the energy degeneracy of the |0) and 
the |1) states are then split. The dynamic phase in 
the resulting time evolution could then be used to 
produce arbitrary single-qubit phase gates, were it not 
for the fact that the Majorana wave functions in the 
TS medium are oscillatory in space, which results in 
corresponding oscillations in the energy splitting as a 
function of inter-Majorana distance [32j j . We show in 
this paper that both of these obstacles can be overcome 
in the quantum wire network, which therefore allows a 
concrete realization of a UQC architecture. 

UQC in the quantum wire network: We first show 
that entangled pairs of qubits can be generated by the 
set-up shown in Fig. [TJ The two superconducting is- 
lands B and C in Fig. [IJ together with the main su- 
perconductor A (which holds the wire network) consti- 
tute a three-island Josephson junction flux qubit, which 
when biased with half a flux quantum, has a degener- 
ate pair of states composed of clock-wise supercurrent 
(CW) and counter-clock- wise supercurrent (CCW). The 
charging energy of the islands leads to tunneling between 
these two states leading to a splitting of the degeneracy 
with the new eigenstates -4=(CW±CCW). This splitting 
between the energies is also sensitive to a Berry phase 
contribution which can be controlled by gate electrodes 
in the vicinity of the islands [33(. In addition, as we 
show on the last page, the splitting also depends on the 
parity of the number of neutral fermions shared between 
the pairs of Majorana fermions at the ends of TS seg- 
ments on island B (here we have assumed that the ca- 
pacitance of the main island A is large enough so we can 




FIG. 1: (Color online) Schematic of entanglement genera- 
tion in quantum wire topological qubits using superconduc- 
tor Josephson junctions. The light blue background repre- 
sents superconducting islands labeled A, B and C. The dark 
blue segments are semiconductor quantum wires in the non- 
topological superconducting state, while the red segments are 
semiconductor quantum wires in the topological supercon- 
ducting state. The purple circles represent the Majorana 
fermions at the end of topological segments. The topologi- 
cal segments 1 and 2 form a representative topologically pro- 
tected qubit. Entanglement is generated in the qubits formed 
by the topological segments (3, 4) and (5, 6) by transferring 
segments 4 and 6 to island B and then performing a quan- 
tum non-demolition measurement of the number of neutral 
fermions on island B using microwaves. $ is the bias flux in 
the central hole. See text for details. 



ignore its charging energy). Using this, the system can be 
tuned such that an even number of neutral fermions on 
island B leads to an exact degeneracy, while an odd num- 
ber of neutral fermions leads to a splitting between the 
states -4=(CW±CCW). This splitting can be measured 
by coupling the system to an rf circuit [33| , which can be 
used [34j | to perform a non-demolition measurement of 
the state (|0), |1)) of a pair of Majorana fermions on is- 
land B. As has been emphasized in Ref. [34J], this provides 
an explicitly quantum mechanical method for the charge 
measurement of a pair of Majorana fermions. Note that 
in the analogous method of charge measurement using 
quantum interference of currents in a TS state, it is not 
clear if the motion of order parameter defects (vortices, 
domain walls) is a quantum mechanical process. 

Let us now show how to use the quantum superpo- 
sition states of the flux qubit to also create quantum 
entanglement between two topological qubits. The en- 
tangled state between the two qubits can then be used 
|26| as the ancillary two-qubit states to construct a two- 
qubit quantum gate. To generate an entangled pair of 
qubits, we first create a pair of qubits composed of TS 



segments (3, 4) and (5, 6) both in the state |0) = 1 0, 0) 
on the main island A. By applying a Hadamard gate 
to both, we then transform the states of both qubits to 
|0) + 1 1). The combined state of the two-qubit system is 
now (|0) + |1)) 3 ,4 ® (|0) + |1)) 5 , 6 - We then transfer the 
TS segments 4 and 6 to island B by applying external 
gate potentials. If the parity of neutral fermions on seg- 
ments 4 and 6 is even (odd) , the degeneracy of the states 
-4=(CW±CCW) is split (not split). By an rf measure- 
ment, one can then collapse the quantum states of the 
two qubits as 

(|0> + |I))a,4®(|0) + |l)) 5 ,6 ->■ |0)m®|0) Bi8 + |I)m®|I>5,6, 

(1) 
which is the desired entangled pair. If in the rf measure- 
ment, no splitting is observed (50% chance), the process 
has to be repeated until a splitting is observed producing 
the desired entangled pair. Therefore, this method pro- 
vides entangled pairs of qubits with a 50% success rate 
deterministically. 

In addition to two-qubit entanglement and a CNOT 
gate, for UQC, one needs a single-qubit tt/8 phase gate. 
As discussed earlier 2f| |30j , a simple way to create such a 
gate could be to bring a pair of Majorana fermions from 
a topological qubit near each other and let the micro- 
scopic physics split the degeneracy between the |0) and 
|1) states. This has also been discussed in the context of 
general anyons.|29| Any arbitrary single-qubit phase gate 
can then be created in principle by accumulating the rel- 
ative dynamic phase between the |0) and |1) states over 
a finite period of time. However, it now appears that 
such a scheme does not work in both TS and FQH sys- 
tems, because the splitting between the |0) and |1) states 
oscillates with distance between the Majorana fermions 
in a given pair because of the oscillatory nature of the 
wave functions [32L |35| . Recently an interferometric pro- 
posal has been suggested to avoid these oscillations in 
the FQH system. [7| At first glance, it appears that the 
same problem would arise in our quantum wire network, 
because the Majorana wave functions oscillate in the TS 
segments as a function of distance from the domain wall 
(oscillating solid black lines in Fig. 2a) just like in the 
case of a chiral p-wave superconductor. However, it is 
important to note that these functions do not oscillate 
and in fact monotonically decay with a decay length in- 
versely proportional to the gap (which is essentially pro- 
portional to the gate voltage V ga t e for V ga te 3> m) m the 
non-topological segments of the wire network (decaying 
solid black lines in Fig. 2a). Further, in the wire net- 
work, to induce splitting between the states |0) and |1) 
between a pair of Majorana end states, one does not need 
to physically move these states near each other (a pro- 
cess which is prone to errors). Instead, one could simply 
reduce V ga te in the non-topological segments to gener- 
ate the required overlap of the Majorana fermion wave 
functions on the two ends. 



The presence of oscillations in the wave-functions in 
the TS and the absence thereof in the NTS can be un- 
derstood from simple considerations of the asymptotic 
wave-functions. The TS segment consists of a super- 
conducting state on a Fermi-liquid like state with Fermi 
wave- vector fc^. Therefore the wave- function of a zero- 
energy Majorana state has an asymptotic form ij)(r ) oc 
g-r/Cgjfcj-r wnere t ne coherence length £ = A/«f.[23| 
The overlaps of this wave-function ip clearly has oscil- 
lations at the wave-vector fc_F as is the case with p-wave 
superconductors. [32J In contrast the NTS part of the sys- 
tem is depleted and therefore has a vanishing Fermi- wave- 
vector (kp = 0). Thus the overlaps across the NTS has a 
purely decaying form as is clear from Fig. 2. Below, with 
the help of Fig. 2, we explicitly show how an arbitrary 
single-qubit gate can be constructed. 

From the plot of the wave function (solid black line) 
in Fig. 2(a), it is clear that the wave functions no longer 
oscillate in the NTS segment. To generate a phase-shift, 
we first distort the TS segment 1 in the qubit in Fig. 2(b) 
into a U shape. This step is necessary to bring the two 
Majorana modes at the two ends of segment 1 separated 
by a NTS region. The gate voltage V ga te in the NTS 
segment is still kept large such that the overlap of the 
wave functions is still negligible. We now lower the gate 
voltage in the NTS segment to increase the decay lengths 
of the wave functions. This causes overlap between the 
Majorana fermion wave functions at the ends of the NTS 
segment. As seen in Fig 2(b), this leads to a clear non- 
oscillatory dependence of the energy splitting between 
the |0) and |T) states as a function of the applied gate 
voltage. 

A tt/8 phase gate is obtained by applying a V ga te pulse 
over an appropriate length of time. The appropriate 
length of time can be estimated by experimentally de- 
termining the energy splitting between the |0) and |1) 
states. The rate of phase shift AE can be determined 
by creating a test state |0) and applying the sequence 
(Hadamard — > phase gate — > inverse Hadamard) in order. 
After this process, the probability of making a transition 
to the |1) state is given by 



P(t) = 



1 - cos AEt 



(2) 



By experimentally determining this probability at time 
t, one gets AE for a given t and V gate - Arbitrary single- 
qubit phase gates can then be constructed by calculating 
the required time and accumulating the correct phase 
shift for a given V ga te- 

Majorana Berry phase in the flux qubit: To under- 
stand the origin of the Berry phase term generated by 
Majorana fermions it is necessary to revert back to the 
fermion description of the system. This description is in 
terms of the fermion fields ipa for the electrons in both 
the semiconducting wires and on the superconducting is- 
land a = A, B,C. The pairing interactions g a leading 
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varying. In this limit, the fermionic part of the fields that 
contribute to the partition function may be assumed to 
follow ground-state of the Hamiltonian 



H mf [V a , 4> a ] = H a [i, a ,^ a ] + (14 + V^ 

+ {A a lp a 1p a + A* a lp a 4>a) + ta^alpp 



^Ipalpa 



(4) 



as 4> a and V a vary in time adiabatically. For systems 
containing Majorana fermions the ground state is degen- 
erate. The Majorana fermion sector of the Hamiltonian 
may be described in terms of pairs of Majorana fermions 
combined into regular zero energy fermions d\ na that 
are localized on the island a. The relevant states may 
then be charcterized by Q^\<f> a ) where \<fi a ) denotes the 
ground state with all Majorana fermion states empty and 
Q^ = Y[ dma a i s the operator that accounts for the Ma- 
jorana state occupation. The transition matrix element 
between the various phase states Q\\(j)a,i) and QA(f> a j} 
is given by 



(meV) 



r = E 



f ~\-2w a TT 



■D<f>a(<t> a ,f\QfU(t f ,ti)Qt\(t> a ,i) (5) 



FIG. 2: (Color online) (a) Majorana wave- functions (black 
lines) are fused across a non-topological wire segment (blue 
segment) with a gaussian potential (red dashed line) with 
peak height 2.0 meV for an InAs nanowire. Note that there 
are no oscillations of the wave functions in the non-topological 
blue segment. The wave function, on the other hand, rapidly 
oscillates in the red topological segments. The purely decay- 
ing wave-functions in the non-topological segment lead to a 
well-controlled phase shift as a function of time, (b) Inset 
shows arbitrary single-qubit phase gate constructed by con- 
trolled overlap of Majorana fermion wave functions through 
the non-topological segment. The plot shows the dependence 
of the phase rotation period on the barrier height. 



to Cooper-pairing on the islands together with Coulomb 
interaction induced capacitance C a and gate potential 
V£ xt can be described in terms of an action 

S = / ltp a dti> a - H a [rP ai ^ a ] - (V a + V^ xt )ip a ip a 



- {A a ip a ip a + A* a ip a ip a ) + C a V*/2 + \A 2 a \/2g a + t a ^ a ^ p 

(3) 

where V a and A a are the effective Hubbard-Stratonovich 
fields which may be interpreted as the time-dependent 
mean-field electrostatic potential and pairing potential 
respectively. The relatively weak tunnelings t a p between 
the islands and also the wires on the different islands will 
give rise to the Josephson couplings between the islands. 
For our calculation, we will consider a phase model such 
that | A a | = |A|. We will also assume that the capaci- 
tances of the islands is large enough so that we can as- 
sume the quantum fluctuations in V a and <f) a to be slowly 



where dU(t,U)/dt = H m f(t)U(t,ti) is the unitary time 
evolution matrix for the fermionic state over a particular 
phase trajectory. The states Q\\4> a ,i) and Qf\<j> a ,f) are 
groundstates of H m f(ti) and H m f(tf) respectively with 
appropriate Majorana state occupancy. 

Since the zero-energy fermion operators dl na are spa- 
tially separated, and localized on each island a, they 
evolve with phase <f) a according to 

dl a = J dru ma {r)^ a {ryS^/ 2 +u ma {r)ii a {r)e-^^! 2 . 

(6) 
Moreover, because of the absence of tunneling be- 
tween the Majorana fermions, the occupation of 
each of these zero energy modes is conserved dur- 
ing the evolution of the Hamiltonian. Therefore 
under the time-evolution U(tf,U), Q\ evolves into 
U(t f ,ti)QiU(tf,0 = Qj(-1)£« <"<*"<» where n a = 
J2 m n ma and w a is the winding number of the phase 
trajectory along a particular phase (f> a . Furthermore 
QfQ t\4>aj) = \<t>a.f)- Therefore the transition ampli- 
tude for a given fermion occupation on each island n a 
is 



T(n a ) 



E 



i f-\-2w a 7T 



(7) 
The factor (— 1)^<* u 'a n ° is precisely the Berry phase term 
associated with Majorana fermions and can be accounted 
for by adding a term (p a n a /2 to the phase action of the 
system. Adding this to the phase action considered by 
Tiwari and Stroud [33j, which can be obtained by per- 



forming the V a integral, is 

\rext 
S[n a , <j>a\ « <j)l/2C a + (t> a [-% \- n a] ~ Ja/3 COS ((f> a 



(8) 



In the presence of an externally applied flux $ as shown 
in Fig. 1, we replace the phase differences in the above 
equation by the gauge-invariant phase differences 4>\ — 
4>b - 4>A -> <f> + Oi, 4>c - 4>b -* (-0 + 4>' + a 2 ) and 
02 = 4>A — 4>c —* ~ 4> + a 3- The Josephson couplings 
are taken to be Jab = Jca = J and Jbc — a J ■ The 
gauge potentials are chosen such that a\ = a 2 = 0,3 = 
27r<E>/(3<&o)- Here the phase of the island B, <pB = 4> and 
0c = 0'- 

The lowest Josephson energy configurations of this 

system are given by (0i,02) = (4 1 * + 2rn7r, — 0* 

2wr), (-0* + 27717T, 0* + 2n-7r) where 0* = cos -1 ^- 



33] In 



the geometry considered, ignoring the large capacitances 



c- A x 



Cq 1 = 0, the capacitance term </> 2 /2C can cause 



tunneling between the 2 minima. [361] For the case a > 1, 
and starting at (</>*,— 0*), there are 2 equivalent in en- 
ergy low barrier tunneling paths to 2 equivalent points 
(2tt - (f>*, 0*) and (— 0*, — 27r + 0*) which are related to 
each other by the symmetry c/)i -h- —02- 

The total tunneling matrix element using the instanton 
approach [36|, is now given by the imaginary time action 
Se j for tunneling path j as 



r 



E 

J'=l,2 



w,-e 



(9) 



where Wj is the attempt frequency. The contributions to 
the tunneling amplitudes from the 2 paths are identical 
by symmetry except for the term <p(Vg xt — d m Bd m s/2) 
which creates a difference in the 2 paths of 



Sea - Se,2 = 2n:(Q - n B /2) 



(10) 



where ns = J2 m d m Bd m B is the total number of fermions 
on island B. This leads to an interferometric dependence 



|r| =%/2r cos7r(Q-n B /2) 



(11) 



and To is the single path tunneling amplitude. The inter- 
ference effect between the 2 paths may be interpreted as 
a flux tunneling around the charge and has been referred 
to as a Aharanov-Casher effect [36|. Tuning Q = 0, this 
leads to a splitting for n (mod 2)=1 and no splitting for 
no (mod 2)=0. 

The magnitude of the splitting A, which contains infor- 
mation about the Aharanov-Casher phase, can be mea- 
sured by applying a flux of $ = $0/2. In this case the 
two minimum Josephson energy configurations are de- 
generate and any splitting that is measured is a result of 
the Aharanov Casher phase. 



Conclusion: We show that a network of semiconduc- 
tor quantum wires in the vicinity of an s-wave super- 
conductor allows universal quantum computation. To do 
this, we propose a scheme to generate entanglement be- 
tween two topological qubits in the wire network with 
the assistance of a flux qubit. We also show that the 
wave functions of the Majorana fermion states at the 
end points of the topological segments do not oscillate 
in the adjoining non-topological segments, even though 
they have the familiar oscillatory behavior 32j, |35( in the 



topological segments. This fact can be used to create ar- 
bitrary single-qubit phase gates by controlled overlap of 
the Majorana wave functions via the non-topological seg- 
ments of the wire network. Our schemes for dctcrminis- 
tically generating two-qubit entanglement and arbitrary 
single-qubit phase gates establish the semiconductor wire 
network as a viable platform for universal quantum com- 
putation. 
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